The paper presents explicit formulas for calculating normals to surfaces generated by the butterfly interpolatory subdivision scheme from a general initial triangulation of control points. Two applications of these formulas are presented: building offsets to surfaces generated by the butterfly scheme and Gouraud shading of surfaces generated by this scheme as well as shading of their offsets.
Introduction
Subdivision schemes are efficient tools for the fast generation of curves and surfaces from initial control nets. The basic approach to the design of curves and surfaces in computer-aided geometric design consists of using control points {p°},-el c R s for I C Z m, m = 1,2, s = 2, 3 defining a control polygon or a 3D control net together with a smoothing scheme. A subdivision scheme defines recursively a new set of control points {p/k} at level k from the set at level k -1 for k = 1,2 ..... Each set of control points at level k defines a parametric piecewise linear curve pk(t) when t E f2 c or a parametric piecewise low-degree polynomial surface pk(s,t),(s,t)E I2c ~2. The subdivision curve or surface is defined as the limit of this sequence when k ~ oo. A subdivision scheme is interpolatory if each set of control points at any level includes all the control points of the previous level.
The butterfly interpolatory subdivision scheme [5] is a generalization of the 4-point scheme for curve design to surfaces produced from a general triangulation of control points. The 4-point / Fig. 1 . Configuration of points for the rule for inserting new points in the butterfly scheme.
interpolatory subdivision scheme was introduced in [4] and is defined as follows: 
where {p0}n+2 2 is a set of initial control points. The parameter w serves as a tension parameter in the sense that decreasing its value to zero is equivalent to tightening the limit curve toward the piecewise linear curve between the initial control points [4] .
At each subdivision stage the butterfly subdivision scheme transforms each triangular face of the triangulation into four triangular faces which consist of the vertices of the old triangle and three new vertices corresponding to the edges of the old triangle, connected each to the other two and to the vertices of the old edge it corresponds to. The rule for inserting new points is an 8-point rule based on the butterfly-like configuration shown in Fig. 1 :
qk+l = l(p~ + pk) + 2w(p~ + pk4) -w(p~ + p~ + pk + pk).
(2)
The parameter w serves as a tension parameter in the same sense as the tension parameter in the 4-point scheme.
If we take control points that describe function values over a regular symmetrical three direction mesh, that are constant along one of the directions, then all the new values added at all the stages of the butterfly subdivision will be constant along this direction and the scheme reduces to the 4-point scheme along the other two directions [5] . This shows that the butterfly scheme is indeed a generalization of the 4-point scheme.
A local analysis is used in [4] to calculate tangent vectors to the limit curves generated by the 4-point subdivision scheme at control points of each stage. The control point of interest and its 4 neighbors at each stage of the subdivision process are involved. The vector of such 5 control points at each stage is a result of a matrix transformation of the same vector from the previous stage. The leading eigenvalues and corresponding eigenvectors of this matrix play an important role in the calculation of tangent vectors. It was proved in [4] with the use of this method that if a 2D or 3D curve defined by the 4-point subdivision process (1) is differentiable, then at any fixed stage m > 0 the tangent vector at the control point pm E R s (S = 2, 3), corresponding to the parameter value 2-mi, can be evaluated as follows:
or with k = 0
This paper presents similar formulas for the partial derivatives of surfaces generated by the butterfly scheme. The formulas were obtained by an analogous local analysis for surfaces. A similar technique for other subdivision schemes was used in [11, 14] . Normals are calculated as vector products of two partial derivatives. These normals are then used in two applications: building offsets to surfaces generated by the butterfly scheme and Gouraud shading of surfaces generated by this scheme as well as shading of their offsets. Formulas for the normals of surfaces generated by a modified version of the butterfly scheme are given (without derivation) in [22] .
Computing normals
The differential properties of the surface produced by the butterfly scheme depend on the degrees of the vertices in the triangulation (the degree of a vertex is the number of edges meeting at the vertex). A vertex of degree 6 is called regular, a vertex of degree other than 6 is called irregular. If all the vertices are regular, the triangulation is termed regular and is topologically equivalent to a three direction grid. A triangulation is irregular if it contains irregular vertices. Since all the new points inserted at each subdivision stage are regular, a regular triangulation remains regular after any number of subdivision stages and an irregular triangulation becomes regular almost everywhere but for neighborhoods of the initial irregular vertices.
The regular triangulation case
Consider the butterfly scheme on a regular triangulation containing only regular control points (of degree 6). This triangulation is topologically equivalent to a regular symmetrical three direction grid with directions (1,0),(1, v/-3),(1,-v~) (see Fig. 2 ). It was shown in [10] that for such a triangulation the butterfly scheme generates parametric surfaces with C 1 components for 0 <w< ~2" Let us choose a parameterization in the parameters plane (s,t) such that the parametric points corresponding to the control points together with the connecting edges form a regular 3-direction mesh with edges of length 1 (see Fig. 2 ). At each stage of the subdivision process new parametric points are inserted at midpoints of old edges in the parameters plane (s, t) forming a new mesh with the same topology but with distances scaled by i Let us investigate the scheme acting on scalar control points representing one component of the vector control points, i.e. the scheme that operates on function values f(s, t) over a regular 3-direction mesh in the parameters plane.
Denote by F k the vector of values (F0k,... ,F~8) r E R 19 attributed by the butterfly scheme to points in the (s, t) plane with parameters values (So + 2-(re+k)/1, to + 2-("+k)lz), k~>0.
Here (So, to) is a fixed point on the regular grid generated at fixed level m, and !1,12 are the vectors of the s-component and t-component, respectively, of the parametric points corresponding to F~ ..... F(8, as depicted in Fig. 2 :
The point o_ k F~--F~ is inserted at stage m and -rFk~8 t i Ji=l are 18 points in its neighborhood at stage m + k: .rml~2 t-i Ji=~ are located on the outer ring around F0 ° while .rm~.~8 t-~ Ji=~3 are located on the inner ring (see Fig. 2 ). The point (So, to) corresponds to the origin in Fig. 2 
Proof. The subdivision process in the neighborhood of (So, to) can be expressed by the following matrix transformation: 
Since the butterfly scheme reproduces linear functions (a necessary condition to generate C 1 surfaces [3] This, in view of (5) and (6), yields
i=3
Then
For general data (9) implies that (7) can hold only if
k---+oo (9) In this case
k--*oo
Comparing (10) and (7) we conclude that fs(So, to)=2m~l,
Let the left eigenvectors of T, Ul and Uz, corresponding to the multiple eigenvalue ½, be normalized such that ul ./1 =1, ul ./2=0 and u2.12 = 1, u2.11 =0. Then by (8) and (11) fs(So, to) = 2m~l = 2m+kUl" F k, ft(s0, to) = 2m~2 = 2m+ku2" F k. (12) The claim of the theorem follows from (12) and the following explicit form of ul and u2:
Here ql,...,q6 are the following vectors:
The fact that the butterfly scheme is a generalization of the 4-point scheme can help us to verify the previous result. Suppose that the values {F/k} are constant along one of the mesh directions. Then it can be easily seen that formulas (4) for the directional derivatives of the functions generated by the butterfly scheme along the other two directions reduce to the derivative of the 4-point scheme (3). It is in agreement with the fact that in this case the butterfly scheme reduces to the 4-point scheme along these two directions. 
The normal vector to the surface at the point p~ is ps(So, to) x pt(so, to) n:
Proof. This is a direct consequence of Theorem 1 applied to each component of the parametric surface with k = 0. []
The irregular triangulation case
Consider the butterfly scheme on an irregular triangulation containing both regular control points (of degree 6) and irregular ones (of degrees other than 6). Since all the new points inserted by the scheme are regular ones, the analysis of the previous subsection applies to most of the surface, excluding neighborhoods of the initial irregular points, where a local analysis is needed.
The technique for calculating the derivatives of a surface produced by the butterfly scheme on a regular triangulation can be generalized to the case of an irregular triangulation. The main difference is that the local parameterization near an irregular point depends on the eigenvectors corresponding to the leading eigenvalue smaller than 1 (in absolute value) of the matrix T corresponding to the 1 irregular point. This eigenvalue is not necessarily ~ as it is near a regular point. Its value depends on the tension parameter w and on the degree of the point (the number of edges meeting at the point).
Let us investigate the butterfly scheme at stage m near a point P'~, regular or not, of degree n. All the results are valid for regular points, too, as a regular point of degree 6 is a special case of a point of degree n. Assume that the n neighbors of a point pm are regular (of degree 6). If they are not, then after one subdivision stage (performed locally at the neighborhood of pm) the new neighbors of pm+~ =pro will be regular. Following Doo-Sabin construction [2] , let us consider 3n points in the neighborhood of pro: n points located on the inner ring around pm and 2n their neighbors located on the outer ring. This topology around pro= pm+k for k >~ 0 is preserved at each stage of the subdivision process.
These points at each stage can be classified into three different types (see Fig. 3 ): 1. {Qm}7=l are the points of the outer ring that belong to the inner ring of stage m -1; 2. {Rm}i~l are the points of the outer ring that are generated at stage m; 3. {sm}7=l are the points of the inner ring that are generated at stage m. Fig. 3 . Points for calculating first partial derivatives of the limit functions generated by the butterfly scheme in the neighborhood of an irregular point. According to this notation, the butterfly scheme in the neighborhood of pm is given by
s
m+~ = ½(e m + sT) + 2w(S, m, + s;+,) -w(RT_, +R7 + sL2 + s,m+2),
where all the indices run from 1 to n and have to be understood modulo n (indices -1,0, n + 1, n + 2 stand for n-1,n, 1,2, respectively). Eqs. (13) determine the matrix T. The analysis of the irregular case is deferred for the Appendix, since it is rather technical. Given here are the main results. Table 1 . Let 2 be the root of maximal absolute value of the cubic equation
Proposition 1. Suppose that w is within the range given in
where cl =cos(2~/n). Remark 2. Similar ranges were found for n > 10, too. 2w cos n/n Fjk+ (16) where 2 is defined in Proposition 1 and
The proof of this result is given in the Appendix. 
Appfications
Corollaries 1 and 2 give us explicit formulas for the normals to the limit surface at regular or irregular control points respectively (the formulas are applicable for regular points of degree 6 and for irregular points of degrees 4,5,7,8,9,10, when the tension parameter is within the ranges given in Table 1) .
If the tension parameter used is outside the permissible range for some irregular control point, nearest tension parameter value that is within the range can be used for calculating its normal. In this case the so-calculated normal would be the normal to the limit surface at that point if the later subdivision stages in a neighborhood of that point (diminishing at each stage) were performed with the local tension parameter that is within the range and different from the global one. If some irregular control point is of degree 3 or greater than 10, the average of normals of its neighboring control points can be taken as its 'normal' (if some, of the neighbors are themselves points of this kind, then after one local subdivision stage all the neighbors will be regular). So, at each subdivision level we have a control polyhedron of this level (a piecewise linear interpolant at the control points to the limit surface) with exact normals to the limit surface at the control points. These normals can be used in some applications.
Gouraud shading
A surface generated by the butterfly subdivision scheme can be displayed by shading its control polyhedron at some stage of the subdivision process. The greater is the number of iterations, the closer is the control polyhedron to the limit surface. In constant shading (also known as faceted shading) each triangular face of the polyhedron is shaded with one color intensity depending on the face's normal. In this case each face is easily distinguished from its neighbors with different normals producing a faceted appearance, and many iterations are required to obtain a satisfactory results. Fortunately, with exact surface normals at the polyhedron's vertices, we can use the intensity interpolation shadin9 also called Gouraud shadin9 [9] , when the color intensities of the vertices of each triangle (computed from exact surface normals) are linearly interpolated across the triangle, producing color intensities of its pixels. With this shading model the polyhedron appears like a smooth surface and closer to the limit surface. Note that when shading with a z-buffer algorithm, intensities of pixels can be calculated together with their z coordinates which are interpolated in the same way.
Figs. 5 and 6 show the difference between constant shading and Gouraud shading. Fig. 5 presents a constant-shaded head-like control polyhedron (a), the same polyhedron after 2 iterations in constant shading (b) and Gouraud shading (c), and after 3 iterations in constant shading (d) and Gouraud shading (e). Fig. 6 presents the same for a cup-like control polyhedron. Note that quadrangular faces seen in the shaded control polyhedrons actually consist of triangles. We can easily see a faceted appearance of the constant-shaded surfaces even after 3 iterations, whereas Gouraud shading after either 2 or 3 iterations looks just like a smooth surface, faces are not distinguished from each other. There is no significant difference between 2 and 3 iterations in Gouraud shading.
Buildino offsets Offset surfaces are loci of points that lie at a prescribed signed distance from the original surfaces (called generators). If r(s, t) is a parametric surface with a unit normal vector n(s, t), then the offset surface at a distance d E • is r(s,t)+dn(s,t).
Here d>0 means an offset in that side of the generator that is defined by the normal, d < 0 means an offset in the opposite side.
In general, an offset surface does not have the same representation as the original surface. Because of this, the generation of an exact offset was investigated only in few special cases, e.g., simple solids (convex planar polyhedra, solids of revolution and solids generated by the translation of simple planar profiles), their offsets was constructed in [6] , Dupin's cyclides -surfaces whose lines of curvature are circles [15] , rational surfaces that have rational offsets [16] . For more complex curves and surfaces, it is usually not easy or impossible to generate exact offsets. Most existing algorithms generate approximate offsets that often have the same representations as the generators, e.g. polynomial parametric surfaces [7] . These algorithms construct control points or some other points defining the offset surface by offsetting those of the generator. The accuracy of the offset surface is improved by the following iterative process. Each surface patch of the generator is recursively subdivided into subpatches and their offsets are recomputed until the distance between the generated offset patch and the generator's patch at some test points does not differ significantly from the offset distance. However, a similar algorithm for surfaces generated by the butterfly subdivision scheme, that builds approximate offsets as surfaces of the same representation, appeared to be inapplicable for several reasons:
• The number of points required to obtain a satisfactory accuracy is too large.
• The accuracy at test points does not guarantee the same accuracy at other points of the segment between two control points (this is true for the above-mentioned algorithms, too).
• The above algorithm generally leads to a control polyhedron for the offset surface with edges that differ significantly from each other in their length. The butterfly subdivision scheme in this situation may produce loops even where the control polyhedron does not form loops. Thus, another approach is taken. Since offset points of the generator's control points at each stage of the subdivision process can be quickly calculated in terms of the exact normals, and these offset points are points lying on the exact offset surface, we suggest the following solution. The offset surface can be represented by the generator's control polyhedron just as the generator itself is. A piecewise linear approximation to the offset surface of any desired accuracy can be obtained from this polyhedron by the following process. First, the butterfly subdivision process is carried out up to the appropriate stage producing the new refined set of the generator's control points. If more accuracy is required in some areas, additional subdivision stages can be performed locally in these areas. Second, the polyhedron that is a piecewise linear approximation to the offset surface is obtained by offsetting these control points with the use of the explicit formulas for the normals (Corollaries 1 and 2) .
Since vertices of the offset polyhedron are offsets of the generator's control points, normals to the offset surface at these vertices are equal to the normals of the original surface at the corresponding control points. Thus, the approximate offsets to surfaces generated by the butterfly scheme can be rendered using Gouraud shading in the same way as the original surfaces.
Both exact and approximate offset surfaces may contain singularities such as loops, "islands', and more complex self-intersections. Loops occurs at points corresponding to those of the generator with the radius of curvature smaller than the offset distance. 'Islands' may occur when the space between parts of the generator surface is too small, more exactly when the distance between the offset of one part of the generator and the other part of it is less than or equal to the offset distance. Detecting and removing such singularities produces the trimmed offset (the locus with the property that each point of it is at a prescribed signed distance d from some point and at a distance d at least from every point of the generator). This can be done as follows. First, self-intersection curves of the offset surface are found. They divide the offset surface into parts, those parts which are at distances smaller than d from the generator are singular and should be rejected. Building trimmed offset was investigated for offsets of some types of curves, e.g., polynomial or rational parametric curves [8] , uniform and nonuniform rational B-splines [20] , differentiable parametric curves [12] . A recursive algorithm for trimming offsets of curves generated by the 4-point subdivision scheme was developed by the first author of the present work [18] . This algorithm is based on a similar algorithm [13] for finding intersections between two different 4-point subdivision scheme curves that in turn is based on the estimation of bounding rectangles of segments of the limit curve between control points. An analogous estimation of bounding boxes of segments of the limit surface and an algorithm for finding intersections between two different butterfly subdivision scheme surfaces are also presented in [13] . By this means an algorithm for building trimmed offsets of butterfly subdivision scheme surfaces can be developed. However, such an algorithm would be much more complicated. Trimming offsets of surfaces was investigated by several authors for special cases such as exact offsets of twice differentiable parametric surfaces [1] and approximate offsets to general parametric surfaces [21] .
The following figures show offsets generated by our method to the closed surfaces build by the butterfly subdivision scheme from the control polyhedrons presented in Figs. 5(a) and 6(a) after 3 iterations. The surfaces are rendered using Gouraud shading. A head-like surface (a) and its offset (b) are shown in Fig. 7 . The offset surface has loops, but they are invisible because they are hidden by the visible part. Fig. 8 presents a cup-like surface (a) and its offset (b) which contains loops that are hidden by the visible part.
Appendix A
The butterfly scheme in the neighborhood of pm given by (13) where wk are defined by (18) and
Proof. It follows from (13) that the sum of elements of each row of the matrix T is equal to 1. Therefore T has an eigenvalue 1 with an eigenvector e = (1, 1,. .., 1)T. The structure of T implies that all the remaining eigenvalues are the eigenvalues of the reduced matrix 
The detailed proofs of this lemma and Lemma 2 can be found in [19] . Sufficient conditions for C t continuity and regularity of the limit surface of a subdivision process near irregular points are given in [17] . The conditions involve the leading eigenvalue of T' and the characteristic map ~2 ~ ~2 (defined in [17] ) of the subdivision process. The characteristic map depends only on the eigenvectors corresponding to the leading eigenvalue and the basis-functions of the limit surface. If the leading eigenvalue is a real eigenvalue with multiplicity 2 and if the characteristic map is regular and injective, then the limit surface of the subdivision process is C t at each irregular point of degree n, and a regular smooth parametrization exists near such points for almost every initial set of control points.
It was analytically shown in [18] that the above conditions can hold only if the leading eigenvalue is 24 =23{,-~)+t and it is real. It was numerically checked for some values of w that are within the ranges from Table 1 (sufficient for 2 to be both a real number and the leading eigenvalue of T, as we will see below) that the characteristic map is regular and injective. Let us denote }-4 by 2.
Lemma 3. The ranges of the tension parameter w presented in Table 1 are sufficient for 2 to be both a real number and the leading eigenvalue of T for n =4, 5,..., 10.
Proof. As 2 is the root of maximal absolute value of the cubic equation (14) 9-1 1 (generated with the use of 'Mathematica' software). All graphs and the details of the proof can be found in [19] . [] Suppose that w is within the above-mentioned ranges. As 2 is a real eigenvalue of multiplicity 2 of a real-valued matrix T, we can take It =Re(v4) and 12-=Im(v4) as linearly independent right eigenvectors and 1~ = Re 
